Cylindrical wave pattern produced in a ripple tank. When not modified by the no-slip condi-

tion at solid surfaces, waves are nearly inviscid and well represented by the potential theory of
this chapter. (Courtesy of Dr. E. R. Degginger/Color-Pic Inc.)
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8.1 Introduction and Review

Inviscid external flow —=  Separation
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|

— Boundary laver

—
— Boundary laver S
S~ Fully
Freestream s Inviscid internal core === = — Y1SCOLS
T flow
Boundary laver -
]
—_ Boundary layer =~ Na
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Inviscid external flow ——*  Separation
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4.10 Some Illustrative Plane
Potential Flows

Uniform Stream in the x Direction

iU, y=U=2%¢_03¥

1.-' — _ —
ox oy ¢ Jy ox

Uniftorm stream il: = Uy ¢ = Ux

Solid lines are streamlines:
dashed lines are potential lines.



Solid lines are streamlines;

dashed lines are potential lines.



I- ﬁ "
Line Irrotational Vortex J“"*‘" )-’ - (o 4.,1*"-9

that only one function vg(r) 18 irrotational, 1.e., curl V. = 0, and that 1s vy = K/r,
This is sometimes called a free vortex,

_K__d
T T o
r=—Klnr

" VK

Solid lines are streamlines;
dashed lines are potential lines.



Superposition: Source Plus an , - o | :
Equal Sink )" '

-an incompressible irrotational flow and therefore satisfies both plane

: . 2 " 2 24
“potential flow™ equations V=0 and V-¢ =0.
Since these are linear partial differential equations, any sum of such basic solutions is also a solution.
consider a source +m at (x, y) = (—a. 0),

combined with a sink of equal strength —m, placed at (+a, 0),

—1 V —1
= - ol = motan : — m tan
tf’ t;’ﬂmlrm tf’mnl{ x4+ a Y —a

I |
® = Gsource T Gsink = 7 m In ['[I‘FH]'_‘F"L | —=m |I"I[I—£I —|—1 ]

Source plus sink:

: 2ay

fr= —mlan = —s - = b =

XT+y —a
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Fig. 4.13 Potential flow due to a line sous

from Eq. (4.133). Solid lines are streamlines: dashed lines are potential lines.

cce plus an equal line sink,



‘m
Sink Plus a Vortex at the Origin

by oy i Juas

Sink plus vortex: yp=mb — Klnr d=mlnr+ Kt (4.134)

Fig. 4.14 Superposition of a sink plus a vortex, Eq. (4.134), simulates a tornado.



Uniform Stream Plus a Sink at B , o , :
the Origin: The Rankine Half- )"' { e
Body 1f we superimpose a uniform x-directed stream ﬂgui nst an isolated source, a half-body

shape appears. If the source 18 at the origin, the combined stream function is, in polar
coordinates,

Uniform stream plus source: Y= Ur sin 8 + mé6 (4.135)

U (max) =1.26U

he body shape, = Zam.

m(m — @)
[/ sin 6

_II"':

Superposition of a source plus a uniform stream forms a
Rankine half-body.
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U= U+—Lm5 v:— :mmnH
Eh r En‘ r

Setting #u = v= 0, we hind a single stagnation point at & = 180 and r = m/U,
v) = (—a, 0), where a = m/U.

- - - - Hz 2a
V“ZH'“-l-U“:U(]-I-?f-I-—LG‘-:H)

where we have substituted m = Ua. It we evaluate the velocities along the upper sur-
face r = rm, we find a maximum value U . = 1.26U at § = 63",



EXAMPLE 4.10

The bottom of a river has a 4-m-high bump which approximates a Rankine half-body, as in
Fig. E4.10. The pressure at point B on the bottom i1s 130 kPa, and the river velocity is
2.5 m/s. Use inviscid theory to estimate the water pressure at point A on the bump, which is
2 m above point B.

Water at 20°C

A
A
2.5 mfs 4m
Eim
F—— v . _ _
0

I
Y
=

o

|5
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Vi= 1"

I + +

(7T m’ 2}2 Tmﬂ

cos —‘ = 1.4050°

V, =~ L185U = 1.185(2.5 m/s) = 2.96 m/s

For water at 20°C, take p = 998 kg/m~ and y = 9790 N/m".

V= v
PA L Ay o =BB B
y 22 y  2g
Pa (2.96 m/s)’ 130,000 | (2.5)°
9790 N/m™ | 2(9.81 m/s”) tom 9790 T 2(9.81) +0

pa = (13.60 — 2.45)(9790) = 109,200 Pa Ans.



||_J.w AU o i | fas

=

'L] —
E}}-‘ ﬂx
The condition of irrotationality reduces to Laplace’s equation for ¢ also:

zwnzﬂzau_au _Jd (_r}_t;'l) 5 (Eh;;)

: ox dy ox\ dx dy
or ‘r’; L ‘;'_F' =0
_J6 _1 0 _1d¢_ ¥
Tor T 08 YT 08 or
roor . or 206



2 Elementary Plane-Flow | J_‘M_, )_, M J,.a_e

Hn]llhnth

Unitorm stream il fr = Uy ¢ = Ux
Line source or sink: fr = md d=mlnr
Line vortex: fr=—Klnr d = K6

I the uniform stream is written in plane polar coordinates, it becomes

Uniform stream il r = Ur sin 6 ¢ = Ur cos 6

- " g - " " - I-
It the uniform stream 18 moving at angle a with respect to the x-axis, 1.e..

df  dd . 0 dd
dv  ox v=Usina= dx  ady

Uu=Ucos a=

Yy = Uy cos a — x sin a) ¢ = Ulx cos a + y sin a)



II Circulation eusly 4L s i fas

cm;“ VC{}HHJS:[ V+d5=[ (udx +vdy + wdz)
lc

Y i

F=§C Vicos o ds

From the definition of ¢, V - ds = Vb - ds = d¢ for an irrotational flow;

for vortex flow: With ¢ = K@ I'=27K
Alternately the calculation can be made by defining a circular path of radius r around
the vortex center,
o

...TI'K
rz[ vg ds = [ — rdf=2aK (8.17)
Je Jn

Iz
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8.3 Superposition of Plane-m ) Ly>: il Joad

Flow Solutions

Dr.Majid =2 ¥>00shani
Flow Past a Vortex )
Fluid 1
Y = Ygream T Yvorex = Ut sin @ — K In r

| Inivareitv nf I(nehnrl

1@=U cos # Vg = E=—U 51n6+—

Dr Majld babzpoosham

Cliasd 1
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-

Flow of a uniform stream past a vortex constructed by the graphical method.



An Infinite Row of Vortices J....,.w ).> PUIW Juad

Consider an infinite row of vortices of equal strength K and equal spacing a,

a vortex sheet.

i = —K In r;, = —K E In r;
i=1
|/ 2Ty 2
= —K In |— [cosh — COS (8.22
) 2 a a
i . . .. 7 .
since the proof uses the complex variable z = x + iy, i =(—1 )12 we are not ooing Lo

show the details here.
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‘The Doublet NN 0050y L > (o Juad

As we move far away from the source-sink pair of Fig. 4.13, the flow pattern begins
to resemble a family of circles tangent to the origin, as in Fig. 8.8. This limit of van-
1shinely small distance a i1s called a doublet.

Fig. 8.8 A doublet, or source-sink
pair, is the limiting case of Fig. | _
4.13 viewed from afar. Streamlines | ~ )
are circles tangent to the x-axis at . S /
the origin. This figure was prepared ' B
using the confour feature of Mar- II' _ |
LaB [34, 35]. \ /
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product 2am re main constant. Let us t‘.IEl” this constant A.

. - _ 2ay ' 2amy AV | i
tﬁb :21!3%&(_”1 tan I Iz + }12” - ﬂz) - _'r'l_"—_i_:‘::! = _IE + }:2 {82['1'}
2 AN A2
-r —l_ "1,-'I —l_ - —_— —_—
( 29-") (ztp)
= L ' A Y 2 ) A L2
I tav) I 7

The doublet functions can also be written in polar coordinates

A sin 6 A Ccos f
= — b=——""

r r




8.4 Plane Flow Past Closed- , )" 5 , :

Body Shapes

The body shape will be closed only if the net source outflow equals the net sink inflow.

The Rankine Oval

formed by a source-sink pair aligned parallel to a unitform stream,

-‘II_.1

A (x, v)
U

+m
6
= X
a
Source
(a)

Dav
= ULy — m tan”~’ 2 +“§’_ 7z = U.rsin 8+ m(6; — 6») (8.29)




I- — 4 . d . & *
Shoulder L}b = :M ‘__La.S

U = 174U,

Y
L
L
Y

2mi(U..a)
Umax _ [ + 2mi(U.a)
U.. | + h%/a’
(b)

(b) oval shape and streamlines for m/(U.a) = 1.0.

There are stagnation points at the front and rear, x = XL,

maximum velocity and minimum pressure at the shoulders, y = £h,
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